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GROUP GRADINGS ON FILIFORM LIE ALGEBRAS
YURI BAHTURIN, MICHEL GOZE, ELISABETH REMM
Abstract. We classify, up to isomorphism, gradings by abelian groups on nilpotent filiform
Lie algebras of nonzero rank. In case of rank 0, we describe conditions to obtain non trivial
Zk-gradings.
1. Introduction
sII
In this paper we are interested in describing (and where possible, classifying) abelian group
gradings on nilpotent filiform Lie algebras of finite dimension over an algebraically closed
field K of characteristic different from 2.
These algebras naturally arise in the study of affine structures of differential manifolds and
their related Lie algebras. It was believed for some time that all nilpotent Lie algebras possess
affine structures. However in 1992 Benoist [9] has produced an example of a 12-dimensional
nonabelian nilpotent Lie algebra without affine structure. This algebra turned out to be
filiform, that is of nil-index 11. On the other hand, it is well-known that the existence of an
affine structure on a Lie algebra g over a field of characteristic 0 is guaranteed when g admits
a Z-grading with positive support. This makes it interesting to classify group gradings on
filiform Lie algebras.
The class of filiform Lie algebras splits into two classes, as follows. Let us consider the
automorphism group A = Aut g for g. This is an algebraic group and we quickly show in
this paper that Aut g is a solvable group, provided that dim g ≥ 4. The maximal tori, that
is the maximal subgroups of the form (K×)ℓ, are conjugate in any algebraic group. The
common rank ℓ of all maximal tori in Aut g is called the rank of the Lie algebra g. Thus
our two big classes are the Lie algebras of nonzero rank and Lie algebras of zero rank, also
known as characteristically nilpotent.
Filiform Lie algebras of nonzero rank ℓ, which is actually, either 1 or 2, have been described
in [18]. Our main result here is that each grading of any of the algebra g of nonzero rank
is isomorphic to a factor-grading of one fixed grading by the group Zℓ. This grading is the
eigenspace decomposition of g with respect to the action of a distinguished maximal torus.
In the case ℓ = 2, if n = dim g is even, for each value n there are just two pairwise non-
isomorphic algebras Ln and Qn. If n is odd, there is, up to isomorphism, only one algebra
Ln. In the case ℓ = 1 there are two families of algebras usually denoted by A
p
n and B
p
n (see
below in Section 4). For these algebras, we give a complete classification of all abelian group
gradings, up to equivalence. Two gradings on g are equivalent if there is an automorphism
of g which maps each component of the first grading to a component of the second. We
also give the details of the gradings, such as the universal group and the saturated torus
of each grading. There are
(n− 1)(n+ 2)
2
pairwise inequivalent gradings in the case of Ln,
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(n− 1)(n+ 2)
2
− 1 in the case of Qn, n + p− 1 in the case of A
p
n and n + p− 2 in the case
of Bpn.
The class of characteristically nilpotent algebras also splits into two subclasses: class of
algebras which admit a nontrivial grading and class of algebras which does not admit any
nontrivial gradings. Before this paper it was generally believed that characteristically nilpo-
tent filiform Lie algebras do not admit any gradings because all derivations of such algebras
are nilpotent. Actually, based on the description of characteristically nilpotent algebras in
term of second cohomology group of Ln or Qn, for each k ≥ 2, we can find an infinite family
of characteristically nilpotent algebras which admit a nontrivial Zk-grading.
2. Preliminaries
sI
In what follows K is an algebraically closed field of characteristic different from 2. For
more details on group gradings of algebras see recent monograph [13].
Let g be a Lie algebra over K and S a set. An S-grading Γ of g with support S is a
decomposition Γ : g =
⊕
s∈S gs of g as the sum on nonzero vector subspaces gs satisfying
the following condition. For any s1, s2 ∈ S such that [gs1 , gs2] 6= 0 there is µ(s1, s2) ∈ S
such that [gs1 , gs2] ⊂ gµ(s1,s2). If Γ
′ : g =
⊕
s′∈S′ g
′
s′ is another grading of g, we say that
Γ is equivalent to Γ′ if there is an automorphism ϕ ∈ Aut g and a bijection σ : S → S ′
such that ϕ(gs) = g
′
σ(s). It follows that σ(µ(s1, s2)) = µ(σ(s1), σ(s2)). If S is a subset of a
group G such that µ(s1, s2) = s1s2 in G, we say that Γ is a group grading by the group G
with support S. Such a group G is not defined uniquely, but for any group grading there a
universal grading group U(Γ) such that any other grading group G of Γ is a factor group
of U(Γ). The universal group is given in terms of generators and defining relations if one
chooses S as the set of generators and all the above equations s1s2 = µ(s1, s2) as the set of
defining relations.
Two group gradings Γ and Γ′ of a Lie algebra g by groups G and G′ with supports S and
S ′ are called weakly isomorphic if they are equivalent, as above, and the map σ : S → S ′
extends to the isomorphism of groups G to G′. The strongest relation is the isomorphism of
G-gradings. In this case both Γ and Γ′ are gradings by the same group, they have the same
support and the isomorphism of groups σ is identity. As a result, we have ϕ(gγ) = g
′
γ , for
any γ ∈ G. In the case of group G-gradings with support S we will write Γ : g =
⊕
γ∈G gγ ,
assuming that gγ = {0} if γ ∈ G \ S.
Let Γ : g =
⊕
γ∈G gγ and ε : G → K be a homomorphism of groups. We set g
′
τ =⊕
ε(γ)=τ gγ, for any τ ∈ K. Then we obtain the image-grading ε(Γ) =
⊕
τ∈K g
′
τ . If ε is
an onto homomorphism, we say that ε(Γ) is a factor-grading of the grading Γ. Sometimes,
people call ε(Γ) a coarsening of Γ. A refinement Γ′ of Γ is an H-grading of g such that for
any ρ ∈ H , there exists (a unique!) γ ∈ G with g′ρ ⊂ gγ. In this case we obviously have the
following:
ey1 (1) gγ =
⊕
g′ρ⊂gγ
g
′
ρ.
A grading Γ of g is called a fine grading if doesn’t admit proper refinements.
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Remark 1. If Γ′ is a refinement of Γ then Γ viewed as a U(Γ)-grading is a factor grading
of Γ′ viewed as a U(Γ′)-grading.
Indeed, if s′ is in the support S ′ of Γ′ then g′s′ ⊂ gs, for some uniquely defined s in the
support S of Γ. Thus we have a well defined mapping ψ : S ′ → S : s′ → s. Now we
have a defining relation s′1s
′
2 = s
′
3 in the group U(Γ
′) provided that [g′s′
1
, g′s′
2
] = g′s′
3
6= {0}.
If si = ψ(s
′
i), i = 1, 2, 3 then {0} 6= [g
′
s′
1
, g′s′
2
] ⊂ [gs1, gs2 ] ⊂ gs3 . Thus g
′
s′
3
has nontrivial
intersection with gs3 and so g
′
s′
3
⊂ gs3, proving that ψ(s
′
3) = s3. Now from what we have just
written, it follows that s1s2 = s3 is a defining relation in U(Γ). Thus, ψ(s
′
1s
′
2) = ψ(s
′
3) =
s3 = s1s2 = ψ(s
′
1)ψ(s
′
2) and ψ extends to a homomorphism of groups U(Γ
′) onto U(Γ).
Finally, using equation (1), we find that gs =
⊕
ψ(s′)=s g
′
s′ because g
′
s′ ⊂ gs if and only if
ψ(s′) = s. We now have Γ = ψ(Γ′).
In the case of Lie algebras it is natural to assume that all groups involved in the group
gradings are abelian. In fact, for many Lie algebras, like finite-dimensional semisimple ones,
this is a satisfied (see [8]) in the sense that the partial function µ : S × S → S appearing in
the definition of the grading is symmetric or that the elements of the support in the group
grading commute. So in what follows we always deal with gradings by abelian groups. In
addition, when we study finite-dimensional algebras, the supports of the gradings are finite
sets, so our groups are finitely generated.
Now given a group G, we denote by Ĝ the group of (1-dimensional) characters of G, that
is the group of all homomorphisms χ : G→ F× where F× is the multiplicative group of the
field F . If Γ : g =
⊕
γ∈G gγ is a grading of a Lie algebra g with a grading group G, there is
an action of Ĝ by semisimple automorphisms of g given on the homogeneous elements of g
by χ ∗x = χ(γ)x where χ ∈ Ĝ and x ∈ gγ . If G is generated by the support S of Γ, different
characters act differently. Indeed, assume χ1, χ2 ∈ Ĝ are such that χ1 ∗ x = χ2 ∗ x, for any
x ∈ g. Choose any s ∈ S and 0 6= x ∈ gs. In this case χ1(s)x = χ1 ∗ x = χ2 ∗ x = χ2(s)x.
As a result, χ1(s) = χ2(s), for any s ∈ S. Since χ1 and χ2 are homomorphisms and G is
generated by S, we have χ1 = χ2, as claimed. This allows us, in this important case, to
view Ĝ as a subgroup of Aut g. We will view Aut g as an algebraic group. When we study
finite-dimensional algebras, then G is finitely generated abelian and so Ĝ is the group of
characters of a finitely generated abelian group. If G ∼= Zm × A, where m is an integer,
m ≥ 0, and A a finite abelian group, then Ĝ ∼= (F×)m × Â. Such subgroups of algebraic
groups, consisting of semisimple elements, are called quasitori.
A quasitorus is a generalization of the notion of the torus, which is an algebraic subgroup
of Aut g isomorphic to Ĝ ∼= (F×)m, for some m, called the dimension of the torus. A torus,
which is not contained in a larger torus is called maximal. The following result is classical.
tmaxtor Theorem 2. In any algebraic group any two maximal tori are conjugate by an inner auto-
morphism.
Another well-known result, is often attributed to Platonov [21] (but see also [24])
tquasi Theorem 3. Any quasi-torus is isomorphic to a subgroup in the normalizer of a maximal
torus.
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Thus, if we find a maximal torus D in Aut g equal to its normalizer in Aut g, then for
any grading of g by a finitely generated abelian group G there is ϕ ∈ Aut g such that
ϕĜϕ−1 ⊂ D.
Now every time we have a quasitorus Q in Aut g there is root space decomposition of g
with roots from the group of characters Q̂ for the group Q, the root subspace for λ ∈ Q̂
given by
gλ = {x ∈ g | α(x) = λ(α)x for any α ∈ Q}.
If Q ⊂ D then, by duality, Q̂ is a factor group of D̂ ∼= Zm where m = dimD. The root
space decomposition by D is the refinement of the root space decomposition by Q and so
the grading by Q̂ is a factor-grading of a grading by D̂ ∼= Zm.
Now assume that we deal with a grading of g by a finitely generated abelian group G,
Γ : g =
⊕
γ∈G gγ . Assume that p = char F and write G = Gp ×Gp′, where Gp is the Sylow
p-subroup and Gp′ its complement in G that has no elements of order p. If char F = 0 then
G = Gp′. Let us consider the quasitorus Ĝ ⊂ Aut g. Then there is ϕ ∈ Aut g such that
ϕĜϕ−1 ⊂ D. Let us switch to another G-grading ϕ(Γ) : g =
⊕
γ∈G ϕ(gγ). The action of Ĝ
on g induced by ϕ(Γ) gives rise to another copy of Ĝ in Aut g, namely, ϕĜϕ−1 and now this
subgroup is a subgroup in D. Replacing D by another maximal torus ϕ−1Dϕ we may assume
from the very beginning that Ĝ ⊂ D. Then, the root decomposition by D is a refinement of
the root decomposition under the action of Ĝ. Thus the grading Γ′ : g =
⊕
λ∈
̂̂
G
gλ induced
by this root decomposition resulting from the action of Ĝ is a factor-grading of the D̂ ∼= Zm
grading of g induced by by the action of the torus D.
Now the connection between the original grading Γ and Γ′ is as follows. Let us consider
the map ψ : G →
̂̂
G given by ψg(χ) = χ(g). Clearly, this is a homomorphism of groups.
The subgroup Gp ⊂ Ker ψ because F has no nontrivial p
th-roots of 1. On the other hand,
a standard manipulation with direct products and roots of 1 shows that for every nontrivial
element g ∈ Gp′ there is a character of Gp′, hence of G, which does not vanish on g. Thus
Gp = Ker ψ. Since every character is defined on the generators of the group Gp′ and the
number of possible values of the images of generators in F× does not exceed the order of
generators, |
̂̂
G| ≤ |Gp′|, the homomorphism ψ is onto. Finally, since any λ ∈
̂̂
G is the image
of a γ ∈ G under the homomorphism ψ, we have
gλ = gψ(g) = {x | χ(x) = χ(g)x} =
∑
ψ(γ)=λ
gγ.
Thus the factor-grading of our original grading Γ by the Sylow p-subgroup of G turns out to
be isomorphic to a factor-grading of a Zm = D̂-grading induced by the action of a maximal
torus D of Aut g.
In the case where G has no elements of order p = char F , we have that the original
grading is isomorphic to a factor grading of a grading induced from the action of a maximal
torus. Usually, this is some “standard” torus, and the grading induced by its action is also
“standard”.
We summarize the above discussion as follows.
tMTp Theorem 4. Let Γ : g =
⊕
g∈G gg be a grading of a finite-dimensional algebra g over an
algebraically closed field K by a finitely generated abelian group G. If charK = p > 0, let
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Gp denote the Sylow p-subgroup of G. Consider the automorphism group A = Aut g of g
and assume a maximal torus D of A, of dimension m, equal to its normalizer in A. Then
the factor-grading Γ/Gp is isomorphic to a factor-grading of the standard Z
m-grading of g
induced by the action of D on g.
An important particular case is the following.
tMTnp Theorem 5. Let Γ : g =
⊕
g∈G gg be a grading of a finite-dimensional algebra g over a
algebraically closed field K by a finitely generated abelian group G. If charK = p > 0,
assume G has no elements of order p. Consider the automorphism group A = Aut g of g
and assume a maximal torus D of A, of dimension m, equal to its normalizer in A. Then
Γ is isomorphic to a factor-grading of the standard Zm-grading of g induced by the action of
D on g.
Even more special is the following.
tMTz Theorem 6. Let Γ : g =
⊕
g∈G gg be a grading of a finite-dimensional algebra g over a
algebraically closed field of characteristic zero K by a finitely generated abelian group G.
Consider the automorphism group A = Aut g of g and assume a maximal torus D of A, of
dimension m, equal to its normalizer in A. Then Γ is isomorphic to a factor-grading of the
standard Zm-grading of g induced by the action of D on g.
Since we completely classify gradings up to equivalence for certain classes of algebras, we
quote some more results from [13]. Given a grading Γ : g =
⊕
s∈S gs of an algebra g, the
subgroup of the group Aut g permuting the components of Γ is called the automorphism
group of the grading Γ and denoted by Aut Γ. Each ϕ ∈ Aut Γ defines a bijection on the
support S of the grading: if ϕ(gs) = gs′ then s 7→ s
′ is the desired permutation σ(ϕ), an
element of the symmetric group Sym S. The kernel of the homomorphism ϕ 7→ σ(ϕ) is
called the stabilizer of the grading Γ, denoted by Stab Γ. Finally a subgroup of Stab Γ,
whose elements are scalar maps on each graded component of Γ is called the diagonal group
of Γ and denoted by Diag Γ.
dSQT Definition 7. Let Q ⊂ Aut Γ be a quasitorus. Let Γ be the eigenspace decomposition of g
with respect to Q. Then the quasitorus Diag Γ in Aut Γ is called the saturation of Q. We
always have Q ⊂ Diag Γ. If Q = Diag Γ then we say that Q is a saturated quasitorus.
A quasitorus Q is saturated if and only is the group X (Q) of algebraic characters of Q is
U(Γ), the universal group of Γ.
Proposition 8. The equivalence classes of gradings on g are in one-to-one correspondence
with the conjugacy classes of saturated quasitori in Aut g.
Notice that if we already know that every quasitorus is conjugate to a subgroup of a
fixed maximal torus and that two subgrous of the maximal torus are conjugate if and only
if they are equal, we can say that the equivalence classes of gradings are in one-to-one
correspondence with the saturated subquasitori of a fixed maximal torus.
3. Automorphisms of Filiform Lie Algebras
sAFLA
Our next goal will be to describe Aut g when g is a filiform nilpotent Lie algebra and
the description of the quasitori in Aut g. First we recall some definitions and results about
filiform Lie algebras.
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3.1. Filiform Lie algebras. Let K be a field and g be a Lie algebra over K. We denote
by
{
g
k | k = 1, 2, . . .
}
the lower central series of g defined by g1 = g and gk = [gk−1, g], for
k = 2, 3, . . . One calls g nilpotent if there is a natural n such that gn+1 = {0}. If gn 6= {0}
then n is called the nilpotent index of g. It is well-known that in this case a set of elements
{x1, . . . , xm} ⊂ g generates g if and only if the {x1 + g
2, . . . , xm + g
2} is the spanning set
in the vector space g/g2. As a result, a nilpotent Lie algebra with dim g/g2 ≤ 1 is at most
1-dimensional. If n > 1 then the nilpotent index of an n-dimensional nilpotent Lie algebra
never exceeds n− 1.
dFF Definition 9. Given a natural number n, an n-dimensional Lie algebra g is called n-dimen-
sional filiform if the nilpotent index of g is maximal possible, that is, n− 1. In this case we
must have dim g/g2 = 2, dim gk/gk−1 = 1 for k = 2, 3, . . . , n− 1.
In the situation described in Definition 9, the lower central series of g is “thready”, whence
the French name “filiform”. If we choose a basis {e1, e2, . . . , en−2, en−1, en} of g so that {en}
is a basis of gn−1, {en−1, en} is a basis of g
n−2, {en−2, en−1, en} is a basis of g
n−3, etc., it is
easy to observe that the center of g is 1-dimensional and equals gn−1.
Thus, the lower central sequence of g takes the form
g = g1 ⊃ g2 ⊃ . . . ⊃ gn−1 = Z(g) ⊃ {0},
where Z(g) is the center of g and all containments are proper. In any Lie algebra the lower
central series is a central filtration in the sense that [gi, gj ] ⊂ gi+j.
tV Theorem 10 ([25]). Any n-dimensional filiform K-Lie algebra g admits an adapted basis
{X1, . . . , Xn}, that is, a basis satisfying:

[X1, Xi] = Xi+1, i = 2, . . . , n− 1,
[X2, X3] =
∑
k≥5C
k
23Xk,
[Xi, Xn−i+1] = (−1)
i+1αXn, where α = 0 when n = 2m+ 1,
g
i = K {Xi+1, . . . , Xn} for all i ≥ 2.
It follows that, in addition to the lower central filtration, that is, given by the lower central
series, a filiform Lie algebra g has another central filtration, which is the refinement of the
lower central one. This appears if one sets V(i), i = 1, 2, . . . for the subspace of g spanned by
{Xi, . . . , Xn}. For i ≥ 3 we have g
i = V(i+1) and hence
[V(i+1), V(i+j+1)] ⊂ V(i+j+1) if i+ j < n, and [V(i), V(n−i+1)] = {0} if n is odd.
This filtration will be useful in proving Theorem 14 below.
Now let us consider a collection of vector spaces Wi = g
i/gi+1, i = 1, 2, . . . n − 1. The
vector space direct sum gr g =
n−1⊕
i=1
Wi becomes a Lie algebra if one defines the bracket
of the elements by setting [X + gi+1, Y + gj+1] = [X, Y ] + gi+j+1, for X ∈ gi, Y ∈ gj ,
1 ≤ i, j ≤ n − 1. It follows from the above theorem that all the associated graded algebras
for filiform Lie algebras are again filiform. They belong to one of the two types as follows.
Ln: Each of these algebras has an adapted basis {X1, X2, . . . , Xn} such that [X1, Xi] =
Xi+1, for i = 2, 3, . . . , n− 1.
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Qn: Here n = 2m. Each of these algebras has an adapted basis {X1, X2, . . . , Xn} such
that [X1, Xi] = Xi+1, if i = 2, 3, . . . , n − 1, and [Xj , X2m−j+1] = (−1)
j+1X2m, if
2 ≤ j ≤ m.
If gr g ∼= g then we call g naturally graded (by the group Z). So there are only two types
of naturally graded algebras: Ln and Qn.
Corollary 11. [25] Any naturally graded filiform Lie algebra is isomorphic to
• Ln if n is odd,
• Ln or Qn if n is even.
We deduce that Ln and Qn admits a Z-grading with support {1, 2, . . . , n}. In the next
paragraph, we will define other non isomorphic Z-gradings and we will determine the filiform
Lie algebras admitting such gradings.
3.2. The automorphisms group. Let g be a filiform n-dimensional K-Lie algebra. If
{X1, . . . , Xn} is an adapted basis, then the set {X1, X2} is a set of generators of g. Moreover,
the vector X1 satisfies ad(X1)
n−2 6= 0 and for any X ∈ g we have ad(X)n−1 = 0.
Definition 12. [1] A vector U ∈ g− g2 is called characteristic if ad(U)n−2 6= 0.
Lemma 13. Let σ ∈ Aut g. If X is a characteristic vector, then σ(X) also is characteristic.
Proof. Let U be a characteristic vector. We can find an adapted basis {X1, . . . , Xn} of g
such that U = X1. We have
[σ(X1), σ(Xi)] = σ(Xi+1), i = 2, . . . , n− 1.
Thus adσ(X1)
n−2 6= 0 and σ(X1) = is a characteristic vector.
tAUT Theorem 14. Let g be a n-dimensional filiform K-Lie algebra with n ≥ 4. Then the group
Aut g is a solvable algebraic group, of toral rank at most 2.
Proof. Let σ ∈ Aut g and {X1, . . . , Xn} an adapted basis of g. Then, from the previous
lemma, σ(X1) =
∑
i≥1
ai1Xi with a11 6= 0. This implies that [σ(X1), σ(Xi)] = σ(Xi+1) be-
longs to the space generated by {Xi+1, . . . , Xn}. In particular, σ(X3) = b3X3 + . . . + bnXn
with b3 6= 0. Assume that σ(X2) =
∑
i≥1
ai2Xi. Then [σ(X2), σ(X3)] = a12b3X4 + U , where
U ∈ 〈X5, . . . , Xn〉 = V(5). Since {X1, . . . , Xn} is an adapted basis, we have [X2, X3] =∑
k≥5C
k
23Xk. It follows that a12b3 = 0; since b3 6= 0 we must have a12 = 0. This shows that
σ(X2) ∈ V(2). Similarly we have σ(Xi) ∈ V(i). As a result, Aut g is a subgroup in the
stabilizer of the flag
V(1) ⊃ V(2) ⊃ . . . ⊃ V(n−1) ⊃ V(n) ⊃ {0},
which is a solvable group. The matrices of the transformations in Aut g with respect to the
basis {X1, . . . , Xn} are lower triangular. 
Remark If dim g = 2 or 3, then Aut g contains a subgroup isomorphic to GL(2,K), hence
not solvable.
Assume that Aut g is solvable not nilpotent. Then the maximal abelian subalgebra a of
Der g is called a Malcev torus and its dimension corresponds to the rank of g.
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Corollary 15. [18] The rank of a filiform Lie algebra is equal to 0 or 1 or 2.
Thus, if g is filiform, the maximal torus D of Aut g is isomorphic to (K×)l with 0 ≤ l ≤ 2.
4. On the classification of filiform Lie algebras
sCFLAs AR
4.1. Filiform algebras of rank 1 or 2.
gozekhakim Proposition 16. Let g be a n-dimensional filiform K-Lie algebra whose rank r(g) is not 0.
Thus r(g) = 2 or 1 and
(1) If r(g) = 2, g is isomorphic to
(a) Ln, n ≥ 3
[X1, Xi] = Xi+1, 1 ≤ i ≤ n− 1
(b) Qn, n = 2m, m ≥ 3
[Y1, Yi] = Yi+1, 1 ≤ i ≤ n− 2,
[Yi, Yn−i+1] = (−1)
i+1Yn, 2 ≤ 1 ≤ m
(2) If r(g) = 1, g is isomorphic to
(a) Apn(α1, . . . , αt), n ≥ 4, t = [
n−p
2
], 1 ≤ p ≤ n− 4
[X1, Xi] = Xi+1, 1 ≤ i ≤ n− 1,
[Xi, Xi+1] = αi−1X2i+p, 2 ≤ i ≤ t,
[Xi, Xj] = ai−1,j−1Xi+j+p−1, 2 ≤ i < j, i+ j ≤ n− p+ 1
(b) Bpn(α1, · · · , αt), n = 2m, m ≥ 3, 1 ≤ p ≤ n− 5, t = [
n−p−3
2
]
[Y1, Yi] = Yi+1, 1 ≤ i ≤ n− 2,
[Yi, Yn−i+1] = (−1)
i+1Yn, 2 ≤ i ≤ m
[Yi, Yi+1] = αi−1Y2i+p, 2 ≤ i ≤ t + 1
[Yi, Yj] = ai−1,j−1Yi+j+p−1, 2 ≤ i < j, i+ j ≤ n− p
In both cases 

ai,i = 0,
ai,i+1 = αi,
ai,j = ai+1,j + ai,j+1.
where {X1, · · · , Xn} is an adapted basis and {Y1, · · · , Yn} a quasi-adapted basis.
Note that if g is of the type Apn then gr g is of the type Ln. If g is of the type B
p
n then gr g
is of the type Qn.
Remarks.
• In this proposition, the basis used to define the brackets is not always an adapted
basis. More precisely, it is adapted for Lie algebras Ln and A
k
n, and it is not adapted
for Lie algebras Qn and B
k
n. But if {Y1, · · · , Yn} is a quasi-adapted basis, that is
a basis which diagonalizes the semi-simple derivations, then the basis {X1 = Y1 −
Y2, X2 = Y2, · · · , Xn = Yn} is adapted.
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• In [18], the proof of the main result is given for K = C. Without any further
restrictions, we can extend this result to arbitrary fields K which are algebraically
closed and of characteristic 0. Since the proof is based on a simultaneous reduction
of a semi-simple endomorphism and a nilpotent adjoint operator, this result can be
extended to any field K which contains the eigenvalues of the semi-simple derivation.
Thus the result is true over any algebraically closed field.
• In the statement of the above result in [18], there is a third family denoted Cn. But
all the Lie algebras of this family are isomorphic to Qn. This error was noticed after
the publication of the paper.
4.2. Characteristically nilpotent Lie algebras.
Definition 17. A finite dimensional K-Lie algebra g is called characteristically nilpotent if
any derivation of g is nilpotent. It is called characteristically unipotent if the group Aut(g)
of the automorphisms of g is unipotent.
A characteristically nilpotent Lie algebra has rank 0 and the Lie algebra of derivations
Der g is nilpotent (but not necessarily characteristically nilpotent). In this case also Aut g
is nilpotent. However, this group does not need to be unipotent. It is unipotent if g is char-
acteristically unipotent. Of course, if g is characteristically unipotent, it is characteristically
nilpotent.
Examples
(1) The simplest example [2], denoted by n7,4 in terminology of [20], is 7-dimensional and
given by 

[X1, Xi] = Xi+1, 2 ≤ i ≤ 6,
[X2, X3] = −X6,
[X2, X4] = − [X5, X2] = −X7,
[X3, X4] = X7.
This Lie algebra is filiform. Any automorphism of n7,4 is unipotent. It is defined on
the generators X1, X2 by{
σ(X1) = X1 + a2X2 + a3X3 + a4X4 + a5X5 + a6X6 + a7X7,
σ(X2) = X2 + b3X3 +
b2
3
−a2
2
X4 + b5X5 + b6X6 + b7X7.
It follows that Aut (n7,4) is a 10-dimensional unipotent Lie group and n7,4 is also
characteristically unipotent. Let us note that any σ ∈ Autn7,4 of finite order is equal
to the identity.
(2) The first example of characteristically nilpotent Lie algebra was given by Dixmier
and Lister [12]. It can be written as

[X1, X2] = X5; [X1, X3] = X6; [X1, X4] = X7; [X1, X5] = −X8,
[X2, X3] = X8; [X2, X4] = X6; [X2, X6] = −X7; [X3, X4] = −X5,
[X3, X5] = −X7; [X4, X6] = −X8.
It is a 8-dimensional nilpotent Lie algebra of nilindex 3, and it is not filiform. Let us
note that nilindex 3 is the lowest possible nilindex for a characteristically nilpotent
Lie algebra. Its automorphisms group Aut g is not unipotent. For example, the
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linear map given by 

σ(X1) = X5, σ(X5) = X1,
σ(X2) = X7, σ(X7) = X2,
σ(X4) = X8, σ(X8) = X4,
σ(X3) = −X3, σ(X6) = −X6
is a non unipotent automorphism of g of order 2. In the case where charK 6= 2, σ
defines a non-trivial Z2-grading Γ of g:
Γ : g = 〈X1 +X5, X2 +X7, X4 +X8〉 ⊕ 〈X1 −X5, X2 −X7, X4 −X8, X3, X6〉.
5. Gradings of filiform Lie algebras
5.1. Standard gradings. In each of the four types of filiform algebras introduced in the
previous section there are standard gradings, as follows.
(1) If g = Ln then g =
⊕
(a,b)∈Z2 g(a,b) where g(a,b) = {0} except g(1,0) = 〈X1〉, g(s−2,1) =
〈Xs〉, for all s = 2, . . . , n.
(2) If g = Qn then g =
⊕
(a,b)∈Z2 g(a,b) where g(a,b) = {0} except g(1,0) = 〈(X1 + X2)〉,
g(s−2,1) = 〈Xs〉, for s = 2, . . . , n− 1, g(n−3,2) = 〈Xn〉.
(3) If g = Apn then g =
⊕
a∈Z ga where ga = {0} except g1 = 〈X1〉, gs+p−1 = 〈Xs〉, for
s = 2, . . . n.
(4) If g = Bpn then g =
⊕
a∈Z ga where ga = {0} except g1 = 〈(X1+X2)〉, gs+p−1 = 〈Xs〉,
for s = 2, . . . , n− 1, gn+2p−1 = 〈Xn〉
where {X1, · · · , Xn} is an adapted basis. Our main result says the following.
tMT Theorem 18. Let g be a finite-dimensional filiform K-algebra of nonzero rank r. If G is
an abelian finitely generated group, then any G-grading of g, whose support generates G, is
isomorphic to a factor-grading of a standard grading by Zr.
Proof. Each of the four cases above gives rise to a maximal torus D in Aut g. To describe
D we only need to indicate the action of an element of D on the generators of g, which will
be X1 and X2 in the cases of Ln and An or X1 +X2 and X2 in the cases of Qn and Bn
(1) If g = Ln then D = {ϕu,t | u, t ∈ K
×} where ϕu,t(X1) = uX1, ϕu,t(X2) = tX2.
(2) If g = Qn then D = {ϕu,t |u, t ∈ K
×} where ϕu,t(X1+X2) = u(X1+X2), ϕu,t(X2) =
tX2.
(3) If g = Apn then D = {ϕu | u ∈ K
×} where ϕu(X1) = uX1, ϕu(X2) = u
p+1X2.
(4) If g = Bpn thenD = {ϕu|u ∈ K
×} where ϕu(X1+X2) = u(X1+X2), ϕu(X2) = u
p+1X2.
Lemma 19. In each of the four cases in Theorem 18, the centralizer of D is equal to D.
Proof. If g is of the type Ln, then we have to determine all ϕ ∈ Aut g such that ϕu,tϕ = ϕϕu,t,
for all u, t ∈ K×. Notice that ϕu,t(X1) = uX1 and ϕu,t(Xi) = u
i−2tXi, for all i ≥ 2. Now
let ϕ(Xi) =
∑
j≥i ajiXj, for i = 1, 2, . . . , n. Then ϕu,tϕ(X1) = a11uX1 +
∑
j≥2 aiju
j−2tXj
whereas ϕϕu,t(X1) =
∑
j≥1 aijuXj. Also, ϕu,tϕ(Xi) =
∑
j≥i aiju
j−2tXj whereas ϕϕu,t(Xi) =∑
j≥i aiju
i−2tXj, if i ≥ 2. Thus we have aj1(u
j−2t − u) = 0, for all j 6= 1 and aji(u
j−2t −
ui−2t) = 0, for all j 6= i. Here u, t are arbitrary elements of an infinite set K×. It follows
that all aji are zero as soon as j 6= i. Notice that in any case, it follows from [X1, Xi] = Xi+1
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for i ≥ 2, that aii = a
i−2
11 a22. As a result, ϕ = ϕa11,a22 , proving that the centralizer of D is
indeed, D itself.
Now assume g is of the type Qn. Then, instead of comparing the values of the sides of
ϕu,tϕ = ϕϕu,t at X1, X2, . . . , Xn we can compare them on the quasi-adapted basis X1 +
X2, X2, . . . , Xn. Then we obtain aji = 0, for j 6= i, i ≥ 2. At the same time,
ϕ(X1+X2) = a11X1+
∑
j≥2
(aj1+aj2)Xj = a11(X1+X2)+(a21+a22+a11)X2+
∑
j≥3
(aj1−aj2)Xj .
Applying the same argument, as before, we obtain aj1 = aj2 = 0, for j ≥ 3 and a21 =
−a11 − a22. Hence ϕ(X1 +X2) = a11(X1 +X2). Thus, ϕ = ϕa11,a22 , as previously.
Next, assume g is of one of the types Apn, where p ≥ 1. In this case we can repeat the
argument of the case Ln, bearing in mind that t = u
p+1. Then we will have equations
aj1(u
j−2up+1−u) = 0, or aj1(u
j+p−2− 1) = 0, for all j 6= 1 and aji(u
j−2up+1−ui−2up+1) = 0,
or aji(u
j − ui) = 0 for all j 6= i and all u ∈ K×. Since j + p− 2 6= 0, we again can make the
same conclusion aji = 0, for all j 6= i.
The case Bpn, where k ≥ 1, is reduced to the case Qn in the same manner as A
p
n to Ln.
Thus the proof of our lemma is complete. 
To complete the proof of the Theorem 18 we need only to refer to Theorem 4 from the
Introduction.
6. Classification of gradings on filiform algebras of nonzero rank, up to
equivalence
sCGR2
Recall that two gradings of an algebra are equivalent if there is an automorphism of this
algebra permuting the components of the grading. In what follows we use Theorem 18
according to which any grading of a filiform Lie algebra of nonzero rank is isomorphic,
hence equivalent, to a grading where the elements of an adapted (case Ln and A
p
n) or quasi
adapted (case Qn and B
p
n) basis are homogeneous. Let G be the grading group and, for each
i = 1, 2, . . . , n, di denote the degree of the ith element of this basis. So if {X1, X2, . . . , Xn}
is the adapted basis of g then di = degXi, i = 1, 2, . . . , n, in the case of Ln and A
p
n and
di = deg Yi, i = 1, 2, . . . , n, in the case of Qn and B
p
n, where Y1 = X1 + X2 and Yi = Xi,
for i = 2, . . . , n. Since g is generated by X1, X2 (respectively, Y1, Y2) it follows that knowing
a = d1 and b = d2 automatically gives values for the remaining di, i = 3, . . . , n.
ssLA
6.1. Gradings on Ln and A
p
n. Let {X1, X2, · · · , Xn} be an adapted basis of a filiform Lie
algebra g of type Ln or A
p
n. Since [X1, Xi] = Xi+1 for i = 2, · · · , n − 1, we know that
di = a
i−2b for i = 3, · · · , n. However, if g is of the type Apn, we already have b = a
p+1. So
in this case, di = a
p+i−1. In the case of Ln, the universal group of any grading is the factor
group of the free abelian group with free basis a, b by the relations satisfied by a, b, while in
the case of Apn this is a factor-group of the free abelian group of rank 1 or rank 2 but we
have to consider, in the latter case, that b = ap+1.
Let us first consider the case of Ln. Any grading is a coarsening of the standard grading,
which we denote by Γst. If all di are pairwise different then there is no coarsening and we
have the standard grading.
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Case 1. If d1 = dl, for 2 ≤ l ≤ n then the grading is a coarsening of the grading
Γl0 : g = 〈X2〉 ⊕ · · · ⊕ 〈X1, Xl〉 ⊕ · · · ⊕ 〈Xn〉.
Since this is indeed a grading of g, our claim follows. The universal group of this grading is
the factor group of the free abelian group generated by a, b by a single relation a = al−2b,
that is, the group Z.
Case 2. If di = dj, for 2 ≤ i < j ≤ n then the grading is a coarsening of a grading
Γ0k : g = 〈X1〉 ⊕ [X2]k ⊕ · · · ⊕ [Xk+1]k.
Here [Xi]k is the span of the set of all Xj, 2 ≤ j ≤ n such that k divides i − j. This easily
follows if we choose k the least positive with d2 = d2+k.
The universal group of this grading is the factor group of the free abelian group generated
by a, b by a single relation b = akb, that is, the group Zk × Z.
Any further coarsening of Γl0 is clearly also the coarsening of a Γ
0
k, so we can restrict
ourselves to only considering the coarsenings of the latter grading.
Case 3. Any proper coarsening of Γ0k, which does not decrease k, is equivalent to one of
the following.
Γlk : g = [X2]k ⊕ · · · ⊕ (〈X1〉 ⊕ [Xl]k)⊕ · · · ⊕ [Xk+1]k.
Indeed, any further coarsening of [Xl]k will decrease k so we have to assume that d1 = dl,
for 2 ≤ l ≤ n, proving our claim. The universal group of this grading is the factor group of
the group Zk × Z by additional relation a = a
l−2b, that is, the group Zk.
Clearly, any further coarsening will lead to the decreasing of k, and so any grading is
equivalent to one of the previous gradings.
Notice that these gradings are pairwise inequivalent. First, we have to look at the number
of homogeneous components. Then it becomes clear that we only need to distinguish between
the gradings with different values of the superscript parameter l = 2, . . . , n. In this case, if
an automorphism ϕ maps Γl0 to Γ
m
0 , or Γ
l
k to Γ
m
k , where m > l, then ϕ(〈X1, Xl〉) = 〈X1, Xm〉.
But then ϕ(Xl+1) = ϕ([X1, Xl]) = [ϕ(X1), ϕ(Xl)] = αm+1Xm+1, ϕ(Xl+2) = αm+2Xm+2, etc.
Finally, ϕ(Xn−m+l+1) = 0, which is impossible because 2 ≤ n−m+ l + 1 ≤ n.
As a result, we have the following.
tL Theorem 20. Let g be a filiform Lie algebra of the type Ln. If g is G-graded, then there
exists a graded homogeneous adapted basis {X1, X2, · · · , Xn}. If di denotes the degree of Xi,
then any G-grading is equivalent to one of the following pairwise inequivalent gradings:
(1) Γst, U(Γst) = Z
2, d1 = (1, 0), di = (i− 2, 1), i = 2, . . . , n.
(2) Γl0, U(Γ
l
0) = Z, 2 ≤ l ≤ n, d1 = 1, di = i− l + 1, i = 2, . . . , n.
(3) Γ0k, U(Γ
0
k) = Zk × Z, 1 ≤ k ≤ n− 2, d1 = (1, 0), di = (i− 2, 1), i = 2, . . . , n.
(4) Γlk, U(Γ
l
k) = Zk, 1 ≤ k ≤ n− 2, 2 ≤ l ≤ k + 1, d1 = 1, di = i− l + 1, i = 2, . . . , n.
The total number of pairwise inequivalent gradings of Ln is equal to 1 + (n − 1) + (n −
2) + (1 + 2 + · · ·+ (n− 2)) =
(n− 1)(n+ 2)
2
.
In the case of Apn, we need to consider the coarsenings of the standard grading, which
we denote here Γst, where U(Γst) ∼= Z, with free generator a, d1 = a, di = i + p − 1,
where i = 2, . . . , n. Clearly, in this case, any proper coarsening leads to relations ai = aj ,
hence ai−j = e, for different 1 ≤ i, j ≤ n. If m is the greatest common divisor of all such
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i − j then the universal group is Zm. Any value of m between 1 and n + p − 2 is possible.
Indeed, if p ≤ m ≤ n + p − 2 then d1 = dm−p+2. If 1 ≤ m ≤ n − 2 then d2 = dm+2. But
1 ≤ p ≤ n − 4 < n − 2, and so any m between 1 and n + p − 2 is available. Let us denote
the grading corresponding to m by Γ(m). If 1 ≤ m ≤ p− 1, Γ(m) similar to Γ0m of Ln:
Γ(m) : g = 〈X1〉 ⊕ [X2]m ⊕ · · · ⊕ [Xm+1]m.
If n− 1 ≤ m ≤ n+ p− 1 and l = m− p+ 2, then Γ(m) similar to Γl0 of Ln:
Γ(m) : g = 〈X2〉 ⊕ · · · ⊕ 〈X1, Xl〉 ⊕ · · · ⊕ 〈Xn〉.
If p ≤ d ≤ n− 2 then we have the gradings similar to Γlm of Ln:
Γ(m) : g = [X2]m ⊕ · · · ⊕ (〈X1〉 ⊕ [Xl]m)⊕ · · · ⊕ [Xm+1]m.
Here l is a number between 2 and n such that l+p−1 ≡ 1modm. The pairwise inequivalence
of all the above gradings follows, as in the case of Ln.
tA Theorem 21. Let g be a filiform Lie algebra of the type Apn. If g is G-graded, then there
exists a graded homogeneous adapted basis {X1, X2, · · · , Xn}. If di denotes the degree of Xi,
then any G-grading is equivalent to one of the following non equivalent gradings:
(1) Γst, U(Γst) = Z, d1 = 1, di = p + i− 1, i = 2, . . . , n.
(2) Γ(m), U(Γ(m)) = Zm, 1 ≤ m ≤ n+ p− 2, d1 = 1, di = p+ i− 1, i = 2, . . . , n.
The total number of pairwise inequivalent gradings of Apn is equal to n+ p− 2.
ssQB
6.2. Gradings on Qn and B
p
n. Let {Y1, Y2, · · · , Yn} be a quasi-adapted basis of a filiform
Lie algebra g of type Qn or B
p
n. Since [Y1, Yi] = Yi+1 for i = 2, · · · , n − 2, we know that
di = a
i−2b for i = 3, · · · , n− 1. Also, [Yi, Yn−i+1] = (−1)
i+1Yn which assigns to dn the value
of dn = a
n−3b2. If g is of the type Bpn, we already have b = a
p+1. So in this case, di = a
p+i−1,
for 2 ≤ i ≤ n − 1, and dn = a
n+2p−1. In the case of Qn, the universal group of any grading
is the factor group of the free abelian group with free basis a, b by the relations satisfied by
a, b while in the case of Bpn, this is a factor-group of the free abelian group of rank 1 or rank
2 but we have to consider, in the latter case, that b = ap+1.
Let us first consider the case of Qn. We remember that n = 2m, for some m ≥ 2. Now
any grading is a coarsening of the standard grading, which we denote by Γst. If all di are
pairwise different then there is no coarsening and we have the standard grading.
Case 1. If d1 = dn then the grading is a coarsening of the grading
Γ(1, n) : g = 〈Y2〉 ⊕ · · · ⊕ 〈Yn−1〉 ⊕ 〈Y1, Yn〉.
Since this is indeed a grading of g, our claim follows. The universal group of this grading is
the factor group of the free abelian group generated by a, b by a single relation a = an−3b2,
that is, the group Z× Z2.
Case 2. If d1 = dl, for 2 ≤ l ≤ n − 1 then a = a
l−2b. In this case also dn = a
n−3b2 =
an−lb = dn−l+2. Hence, for all q satisfying l + q = n + 2, except l = 2, or q = 2 the grading
is a coarsening of one of the following gradings. If l 6= q then we have
Γ
l
0 : g = 〈Y2〉 ⊕ · · · ⊕ 〈Y1, Yl〉 ⊕ · · · ⊕ 〈Ym, Yn〉 ⊕ 〈Yn−1〉.
If l = q = m+ 1 then we have
Γ
m+1
0 : g = 〈Y2〉 ⊕ · · · ⊕ 〈Y1, Ym+1, Yn〉 ⊕ · · · ⊕ 〈Yn−1〉.
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Notice that this grading is a coarsening of Γ(1, n).
In the exceptional cases, l = 2 or q = 2, we have the following.
If l = 2 then we have
Γ
2
0 : g = 〈Y1, Y2〉 ⊕ · · · ⊕ 〈Y1, Yl〉 ⊕ · · · ⊕ 〈Yn〉.
If q = 2 then we have
Γ
n
0 : g = 〈Y2, Yn〉 ⊕ 〈Y3〉 ⊕ · · · ⊕ 〈Yn−1〉 ⊕ 〈Y1〉.
Since all these is indeed gradings of g, our claim follows. The universal group of this grading
is the factor group of the free abelian group generated by a, b by a single relation a = al−2b,
that is, the group Z.
Case 3. If di = dj, for 2 ≤ i < j ≤ n− 1 then the grading is a coarsening of a grading
Γ
0
k : g = 〈Y1〉 ⊕ [Y2]k ⊕ · · · ⊕ [Yk+2]k ⊕ 〈Yn〉,
where k is such that 1 ≤ k ≤ n−3. Here [Yi]k is the span of the set of all Yj, 2 ≤ j ≤ n such
that k divides i− j. This easily follows if we choose k the least positive with d2 = d2+k.
The universal group of this grading is the factor group of the free abelian group generated
by a, b by a single relation b = akb, that is, the group Zk × Z.
Any coarsening of Γ(1, n) (Case 1) is either Γ
m+1
0 or is a coarsening of some Γ
0
k. Any
coarsening of a grading Γ
l
0 (Case 2) is also a coarsening of some Γ
0
k, so we can restrict
ourselves to only considering the coarsenings of the latter gradings. This shows that any
grading is either standard, or equivalent to one of the gradings in Cases 1 - 3 or is a proper
coarsening of a grading Γ
0
k. Let us choose Γ
0
k with minimal possible k.
Case 4. Any proper coarsening of Γ
0
k, which does not change k, is equivalent to one of
the following.
Γ(1, n)k : g = [Y2]k ⊕ · · · ⊕ [Yk+2]k ⊕ 〈Y1, Yn〉,
where 1 ≤ k ≤ n− 3, or
Γ
l
k : g = [Y2]k ⊕ · · · ⊕ (〈Y1〉 ⊕ [Yl]k)⊕ · · · ⊕ ([Yq]k ⊕ 〈Yn〉)⊕ · · · ⊕ [Yk+1]k,
where 1 ≤ k ≤ n− 3, 2 ≤ l, q ≤ k + 1, l + q ≡ n + 2modk.
The universal group of Γ(1, n)k is Zk ⊕Z2, whereas, in the case of Γ
l
k, the universal group
is Zk.
Indeed, any further coarsening of [Yl]k will decrease k so we have to assume that d1 = dl,
for 2 ≤ l ≤ n, proving our claim.
Clearly, any further coarsening will lead to further decreasing of k, and so any grading is
equivalent to one of the previous gradings.
Notice that these gradings are pairwise inequivalent. First, the gradings with different
universal groups are not equivalent. As a result, we only need to distinguish between the
gradings in the sets Γ
l
0, 2 ≤ l ≤ n (the universal group Z) and Γ
l
k, 2 ≤ l ≤ k + 1 (the
universal group Zk). This is done exactly in the same way, except the cases where Y1 is in
a component which is not 2-dimensional. However, such grading can only be mapped to a
grading with the same property because Y1 is the only element among Yi with (adYi)
n−2 6= 0.
As a result, we have the following.
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tQ Theorem 22. Let g be a filiform Lie algebra of the type Qn. If g is G-graded, then there
exists a graded homogeneous quasi-adapted basis {Y1, Y2, . . . , Yn}. If di denotes the degree of
Yi, then any G-grading is equivalent to one of the following pairwise equivalent gradings:
(1) Γst, U(Γst) = Z
2, d1 = (1, 0), di = (i− 2, 1), 2 ≤ i ≤ n− 1, dn = (n− 3, 2).
(2) Γ(1, n), U(Γ(1, n)) = Z× Z2, d1 = (1, 0) = dn, di = (i− 2, 1), 2 ≤ i ≤ n− 1.
(3) Γ
l
0, U(Γ
l
0) = Z, 2 ≤ l ≤ n, d1 = 1, di = i− l + 1, 2 ≤ i ≤ n− 1, dn = n− 2l + 3.
(4) Γ
0
k, U(Γ
0
k) = Zk × Z, 1 ≤ k ≤ n− 3, d1 = (1, 0), di = (i− 2, 1), dn = (n− 3, 2).
(5) Γ(1, n)k, U(Γ(1, n)k) = Zk × Z2, 1 ≤ k ≤ n − 3, d1 = (1, 0) = dn, di = (i− 2, 1),
2 ≤ i ≤ n− 1.
(6) Γ
l
k, U(Γ
l
k) = Zk, 1 ≤ k ≤ n−3, 2 ≤ l ≤ k+1, d1 = 1, di = i− l + 1, dn = n− 2l + 3.
The total number of pairwise inequivalent gradings of Qn is equal to 1+1+(n−1)+ (n−
3) + (n− 3) + (1 + 2 + · · ·+ (n− 3)) =
(n− 1)(n+ 2)
2
− 1.
In the case of Bpn, we need to consider the coarsenings of the standard grading, which we
denote here Γst, where U(Γst) ∼= Z, with free generator a, d1 = a, di = i + p − 1, where
i = 2, . . . , n−1, dn = n+2p−1. Clearly, in this case, any proper coarsening leads to relations
ai = aj, hence ai−j = e, for different 1 ≤ i, j ≤ n. If m is the greatest common divisor of
all such i − j then the universal group is Zm. Any value of m between 1 and n + p − 3 is
possible, similar to the case of Apn. One more possible isolated value for m appears if we
choose d1 = dn. Then m = n + 2p − 3. Let us denote the grading corresponding to m by
Γ(m).
If 1 ≤ m ≤ p− 1, Γ(m) similar to Γm of Qn:
Γ(m) : g = 〈Y1〉 ⊕ [Y2]m ⊕ · · · ⊕ [Ym+1]m ⊕ 〈Yn〉.
If p ≤ m ≤ n− 3 then we have the gradings similar to Γ
l
m of Qn:
Γ(m) : g = [Y2]m ⊕ · · · ⊕ (〈Y1〉 ⊕ [Yl]m)⊕ · · · ⊕ ([Yq]m ⊕ 〈Yn〉)⊕ · · · ⊕ [Yk+1]m.
If n− 2 ≤ m ≤ n+ p− 3, Γ(m) similar to Γ
l
of Qn:
Γ(m) : g = 〈Y2〉 ⊕ · · · ⊕ 〈Y1, Yl〉 ⊕ · · · ⊕ 〈Ym, Yn〉 ⊕ 〈Yn−1〉.
Here l = m− p+ 2.
If m = n+ 2p− 3 then Γ(m) is similar to og(1, n):
Γ(n+ 2p− 3) : g = 〈Y2〉 ⊕ · · · ⊕ 〈Yn−1〉 ⊕ 〈Y1, Yn〉.
The pairwise inequivalence of all the above gradings follows, as in the case of Qn.
tB Theorem 23. Let g be a filiform Lie algebra of the type Bpn. If g is G-graded, then there
exists a graded homogeneous adapted basis {Y1, Y2, · · · , Yn}. If di denotes the degree of Yi,
then any G-grading is equivalent to one of the following non equivalent gradings:
(1) Γst, U(Γst) = Z, d1 = 1, di = p + i− 1, i = 2, . . . , n− 1, dn = n + 2p− 2.
(2) Γ(m), U(Γ(m)) = Zm, 1 ≤ m ≤ n+p−3 or m = n+2p−3, d1 = 1, di = p+ i− 1,
i = 2, . . . , n, dn = n+ 2p− 2.
The total number of pairwise inequivalent gradings of Bpn is equal to n+ p− 3.
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6.3. Characteristically nilpotent Lie algebras. It is known from [16] that any filiform
(n+1)-dimensional Lie algebra over an algebraic field of characteristic 0 is defined by its Lie
bracket µ with µ = µ0 + ψ where µ0 is the Lie multiplication of Ln+1 and ψ a 2-cocycle of
Z2(Ln+1, Ln+1) satisfying ψ◦ψ = 0, that is, ψ is also a (n+1)-dimensional Lie multiplication.
Let us consider the natural Z-grading of Ln+1:
Ln+1 =
⊕
i∈Z
Ln+1,i
where Ln+1,1 is generated by e0, e1 and Ln+1,i by ei for i = 2, . . . , n, and other subspaces are
zero. This grading induces a Z-grading in the spaces of cochains of the Chevalley-Eilenberg
complex of Ln+1:
Ckp (Ln+1, Ln+1) = {φ ∈ Ck(Ln+1, Ln+1), φ(Ln+1,i1, . . . , Ln+1,ik) ⊂ Ln+1,i1+...+ik+p}.
Since d(Ckp (Ln+1, Ln+1)) ⊂ C
k+1
p (Ln+1, Ln+1), we deduce a grading in the spaces of cocycles
and coboundaries. Let
Hkp (Ln+1, Ln+1) = Z
k
p (Ln+1, Ln+1)/B
k
p (Ln+1, Ln+1)
the corresponding grading in the Chevalley-Eilenberg cohomological spaces of Ln+1. We put
F0H
k(Ln+1, Ln+1) =
⊕
p∈Z
Hkp (Ln+1, Ln+1), F1H
k(Ln+1, Ln+1) =
⊕
p≥1
Hkp (Ln+1, Ln+1).
We have:
Proposition 24. Let ψk,s, 1 ≤ k ≤ n − 1, 2k ≤ s ≤ n be the 2-cocycle in C
2(Ln+1, Ln+1)
defined by
• ψk,s(ek, ek+1) = es,
• ψk,s(ei, ei+1) = 0 if i 6= k,
• ψk,s(ei, ej) = 0 if i > k,
• ψk,s(ei, ej) = (−1)
k−iCk−ij−k−1ei+j+s−2k−1, 1 ≤ i ≤ k < j−1 ≤ n−1, 0 ≤ i+j−2k−1 ≤
n− s
Then the family of ψk,s with 1 ≤ [n/2]− 1, 4 ≤ s ≤ n forms a basis of F1H
2(Ln+1, Ln+1).
Note that the cocycles ψk,s also satisfy ψk,s(ek, ej) = ej+s−k−1 when k < j.
Proposition 25. If µ = µ0 + ψ is the Lie multiplication of a filiform (n + 1)-dimensional
Lie algebra, then [ψ] ∈ F1H
2(Ln+1, Ln+1) if n is even or ψ ∈ F1H
2(Ln+1, Ln+1) + [ψ(n−1)/2,n]
if n is odd where [ψ] denote the class in H2(Ln+1, Ln+1) of the 2-cocycle ψ.
Examples
(1) Any 7-dimensional filiform Lie algebra can be written as µ = µ0 + ψ with
ψ = a1,4ψ1,4 + a1,5ψ1,5 + a1,6ψ1,6 + a2,6ψ2,6.
(2) Any 8-dimensional filiform Lie algebra can be written as µ = µ0 + ψ with
ψ = a1,4ψ1,4 + a1,5ψ1,5 + a1,6ψ1,6 + a1,7ψ1,7 + a2,6ψ2,6 + a2,7ψ2,7 + a3,7ψ3,7.
(3) Any 9-dimensional filiform Lie algebra can be written as µ = µ0 + ψ with
ψ = a1,4ψ1,4 + a1,5ψ1,5 + a1,6ψ1,6 + a1,7ψ1,7 + a1,8ψ1,8 + a2,6ψ2,6 + a2,7ψ2,7 + a2,8ψ2,8
+a3,8ψ3,8.
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(4) Any 10-dimensional filiform Lie algebra can be written as µ = µ0 + ψ with
ψ = a1,4ψ1,4 + a1,5ψ1,5 + a1,6ψ1,6 + a1,7ψ1,7 + a1,8ψ1,8 + a1,9ψ1,9 + a2,6ψ2,6 + a2,7ψ2,7
+a2,8ψ2,8 + a2,9ψ2,9 + a3,8ψ3,8 + a3,9ψ3,9 + a4,9ψ4,9.
To recognize characteristically nilpotent Lie algebras among the Lie filiform Lie algebra, we
can use the notion of a sill algebra. Recall that a filiform Lie algebra g such that gr (g) is
isomorphic to Ln+1 can be written in an adapted basis as
[e0, ei] = ei+1, i = 1 · · · , n− 1, [ei, ej] =
n−i−j∑
r=1
arijei+j+r, 1 ≤ i < j ≤ n− 2.
A filiform Lie algebra g such that gr (g) is isomorphic to Qn+1 is written in an quasi-adapted
basis:
[Z0, Zi] = Zi+1, i = 1 · · · , n− 2, [Zi, Zn−i] = (−1)
iZn, [Zi, Zj] =
n−i−j∑
r=1
brijZi+j+r
for 1 ≤ i < j ≤ n− 2.
Definition 26. [18] Let g be a (n + 1)-dimensional filiform Lie algebra such that gr (g) is
isomorphic to Ln+1. The sill algebra of g is defined by
[e0, ei] = ei+1, i = 1, · · · , n− 1, [ei, ej ] = a
r
ijei+j+r
where r 6= 0 is the smallest index such that arij 6= 0 for some (i, j).
If gr (g) is isomorphic to Qn+1, then the sill algebra is defined by
(1) If bn−i−jij = 0,
[Z0, Zi] = Zi+1, i = 1, · · · , n− 2, [Zi, Zn−i] = (−1)
iZn, [Zi, Zj] = b
r
ijZi+j+r
for 1 ≤ i < j ≤ n− 2 where r 6= 0 is the smallest index such that brij 6= 0 for some (i, j).
(2) If bn−i−jij 6= 0 for some (i, j),
[Z0, Zi] = Zi+1, i = 1, · · · , n− 2, [Zi, Zn−i] = (−1)
iZn, [Zi, Zj] = b
n−i−j
ij Zn
for 1 ≤ i < j ≤ n− 2.
Proposition 27. A filiform Lie algebra is characteristically nilpotent if and only if it is not
isomorphic to its sill algebra.
Examples
(1) Any 7-dimensional filiform characteristically nilpotent Lie algebra can be written
µ = µ0 + ψ with
(a) ψ = ψ1,5 + ψ1,6,
(b) ψ = ψ1,4 + ψ1,6,
(c) ψ = ψ1,5 + ψ2,6.
(2) Any 8-dimensional filiform characteristically nilpotent Lie algebra Lie algebra can be
written as µ = µ0 + ψ with
(a) ψ = ψ1,4 + a1,5ψ1,5 − a2,6ψ2,6 + ψ3,7.
(b) ψ = ψ1,5 + a1,6ψ1,6 + ψ3,7.
(c) ψ = a1,4ψ1,4 + ψ2,6 + ψ2,7.
(d) ψ = ψ1,5 + ψ2,6.
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(e) ψ = ψ1,4 + a1,6ψ1,6 + ψ2,7.
(f) ψ = a1,5ψ1,5 + ψ1,6 + ψ2,7.
(g) ψ = a1,4ψ1,4 + ψ1,6 + ψ1,7.
(h) ψ = ψ1,4 + ψ1,6.
(i) ψ = ψ1,4 + ψ1,7.
(j) ψ = ψ1,5 + ψ1,6.
ssz2
6.4. Z2-gradings of filiform characteristically nilpotent Lie algebras. Since char-
acteristically nilpotent Lie algebras have zero rank, they do not admit Z-gradings. The
following shows that there exists a class of such Lie algebras admitting Z2-gradings.
charanilp Proposition 28. Let µ0 + ψ the multiplication of a (n + 1)-dimensional characteristically
nilpotent Lie algebra g such that gr (g) is isomorphic to Ln+1. If
ψ =
∑
ak,2sψk,2s
or
ψ =
∑
ak,2s+1ψk,2s+1
then this Lie algebra admits a Z2-grading.
Proof. Since ψk,2s(ei, ej) = aei+j+2s−2k−1, the Lie algebra µ0+ψ is characteristically nilpotent
as soon as we have in the sum ψ two terms ψk,2s and ψk′,2s′ such that s− k 6= s
′− k′. Let us
consider two Z2-gradings of the vector space g as follows.
• g = 〈e1, e3, · · · , e2p±1〉
⊕
〈e0, e2, e4, · · · , e2p〉
• g = 〈e2, e4, · · · , e2p〉
⊕
〈e0, e1, e3, · · · , e2p±1〉
(the ± sign means that we consider the cases n odd and n even at one and the same time).
We consider the first vectorial decomposition. From our description of gradings on Ln we
can see that this is a grading of µ0. It is sufficient then to check that this is a grading of
ψk,2s. A cocycle ψk,s is homogeneous, that is satisfies ψk,s(gi, gj) ⊂ gi+j(mod 2) if s is even. In
fact
ψk,s(e2i+1,2j+1) = λe2i+2j−2k+1+s
where λ is a non zero constant and 2i+2j−2k+1+s is odd if and only if s is even. Likewise
ψk,s(e2i,2j) = λe2i+2j−2k−1+s
with λ 6= 0 and 2i+ 2j − 2k − 1 + s is odd if and only if s is even. Since also
ψk,s(e2i, e2j+1) = e2i+2j−2k+s,
2i+ 2j − 2k+ s is even as soon as s is even. Thus the existence of this grading implies that
s is even.
Similarly, the vectorial decomposition of the second type, is a Z2-grading of µ0 + ψk,s if s
is odd. 
Proposition 29. Let µ0 + ψ the multiplication of a (n + 1)-dimensional characteristically
nilpotent Lie algebra g such that gr (g) is isomorphic to Qn+1. If
ψ =
∑
ak,2sψk,2s + ψn−1
2
,n
or
ψ =
∑
ak,2s+1ψk,2s+1 + ψn−1
2
,n
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then this Lie algebra admits a Z2-grading.
Proof. Since any Z2-grading on g induces the same grading on gr (g) = Qn+1, we consider
the vectorial decompositions of g:
• g = 〈e2, e4, · · · , en−1〉 ⊕ 〈e0, e1, e3, · · · , en〉,
• g = 〈e0 + e1, en〉 ⊕ 〈e1, e2, · · · , en−1〉,
• g = 〈e1, e3, · · · , en−2〉 ⊕ 〈e0 + e1, e2, e4, · · · , en−1, en〉
If the multiplication of g is given by µ0+ψ with ψ =
∑
ak,2s+1ψk,2s+1+ψn−1
2
,n, then the first
vectorial decomposition is also a Z2-grading. If the multiplication of g is given by µ0 + Ψ
with ψ =
∑
ak,2sψk,2s + ψn−1
2
,n, then the third vectorial decomposition is also a Z2-grading.
If the second vectorial decomposition is a grading, then g is not characteristically nilpotent.
Corollary 30. There exists an infinite family of graded characteristically nilpotent filiform
Lie algebras.
Proof. We consider the 9-dimensional filiform Lie algebras given by
µ = µ0 + ψ1,4 + αψ2,6 + ψ2,8 +
3α2
α + 2
ψ3,8
with α 6= 0 and −2. These Lie algebras admits a Z2-grading and for two different values of
α we have non isomorphic Lie algebras [15]. Moreover, since α 6= 0, these Lie algebras are
characteristically nilpotent.
6.5. Zk-gradings, k > 2, of filiform characteristically nilpotent Lie algebras. .
We assume that k > 2. A Zk-grading of Ln is equivalent to one of the following
Γlk : Ln =
l−1∑
i=2
[Xi]k ⊕ (〈X1〉 ⊕ [Xl]k)⊕
k+1∑
j=l+1
[Xj]k
where l is a parameter satisfying 2 ≤ l ≤ k + 1. The homogeneous component of this
grading corresponding to the identity of Zk is [Xl−1]k. Two cocycles ψh1,s1 and ψh2,s2 send an
homogeneous component (in particular [Xl−1]k) in another homogeneous component if and
only if
s1 − 2h1 = s2 − 2h2(mod k).
We deduce
Proposition 31. Any filiform characteristically nilpotent Lie algebra g such that gr (g) is
isomorphic to Ln+1 whose Lie multiplication is of the form
µ = µ0 +
∑
i∈I
ahi,siψhi,si
with
si − 2hi = sj − 2hj(mod k), k < n− 2
for any i, j ∈ I admits a Zk-grading.
Proposition 32. For any k, there exists a Zk-graded characteristically nilpotent filiform Lie
algebra.
20 YURI BAHTURIN, MICHEL GOZE, ELISABETH REMM
Proof. If fact, we consider the filiform Lie algebra of dimension n = k + 5 given by
µ = µ0 + ψ1,4 + ψ1,4+k.
that is 

µ(e0, ei) = ei+1, i = 2, · · · , k + 3,
µ(e1, e2) = e4 + ek+4,
µ(e1, ei) = ei+2, i = 3, · · · , k + 2.
The Jacobi conditions are satisfied. The sill algebra is given by µ0+ψ1,4 and is not isomorphic
to µ as soon as k 6= 0. Then this Lie algebra is characteristically nilpotent and from the
previous proposition, it is Zk-graded.
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